We provide a general method to analyze the asymptotic properties of a variety of estimators of continuous time diffusion processes when the data are not only discretely sampled in time but the time separating successive observations may possibly be random. We introduce a new operator, the generalized infinitesimal generator, to obtain Taylor expansions of the asymptotic moments of the estimators. As a special case, our results apply to the situation where the data are discretely sampled at a fixed nonrandom time interval. We include as specific examples estimators based on maximum-likelihood and discrete approximations such as the Euler scheme.
We model this situation as follows. Suppose that we observe the process dX t = µ(X t ; θ) dt + σ (X t ; γ ) dW t (1) at discrete times in the interval [0, T ], and we wish to estimate the parameters θ and/or γ . We call the observation times τ 0 = 0, τ 1 , τ 2 , . . . , τ N T , where N T is the smallest integer such that τ N T +1 > T . Because the properties of estimators vary widely depending upon whether the drift or the diffusion parameters, or both, are estimated, we consider the three cases of estimating β = (θ, γ ) jointly, β = θ with γ known or β = γ with θ known. In regular circumstances,β converges in probability to someβ and √ T (β −β) converges in law to N(0, β ) as T tends to infinity.
For each estimator, the corresponding β and, when applicable the biasβ − β 0 , depend on the transition density of the diffusion process, which is generally unknown in closed form. Our solution is to derive Taylor expansions for the asymptotic variance and bias starting with a leading term that corresponds to the limiting case where the sampling is continuous in time. Our main results deliver closed form expressions for the terms of these Taylor expansions. For that purpose, we introduce a new operator, which we call the generalized infinitesimal generator of the diffusion.
Specifically, we write the law of the sampling intervals n = τ n − τ n−1 as
where 0 has a given finite distribution and ε is deterministic. Our Taylor expansions take the form
While the limiting term as ε goes to zero corresponds to continuous sampling, by adding higher-order terms in ε, we progressively correct this leading term for the discreteness of the sampling. The two equations (3) and (4) can then be used to analyze the relative merits of different estimation approaches, by comparing the order in ε at which various effects manifest themselves, and when they are equal, the relative magnitudes of the corresponding coefficients in the expansion.
Because the coefficients of the expansions depend upon the distribution of the sampling intervals, we can also use these expressions to assess the effect of different sampling patterns on the overall properties of estimators. Moreover, our results apply not only to random sampling, but also to the situation where the sampling interval is time-varying in a deterministic manner (see Section 5.3), or to the case where the sampling interval is simply fixed, in which case we just need to set Var[ 0 ] = 0 in all our expressions. One particular example is indeed sampling at a deterministic fixed time interval, such as, say, daily or weekly, which is the setup adopted by much of the recent literature on discretely observed diffusions [see, e.g., Hansen and Scheinkman (1995) , Aït-Sahalia (1996 , 2002 and Bibby, Jacobsen and Sørensen (2004) ].
The paper is organized as follows. Section 2 sets up the model and the assumptions used throughout the paper. Section 3 develops a general theory that establishes the asymptotic properties of a large class of estimators of parametric diffusions and their Taylor expansions. Section 4 applies these results to two specific examples of estimating equations: first, the maximum likelihood estimator; second, the Euler approximate discrete scheme based on a Gaussian likelihood. Our conclusions also carry over to the maximum likelihood-type estimators discussed in Aït-Sahalia and Mykland (2003) . We discuss extensions of the theory in Section 5. Proofs are contained in Section 6. Section 7 concludes.
Data structure and inference scheme.
2.1. The process and the sampling. We let S = (x,x) denote the domain of the diffusion X t . In general, S = (−∞, +∞), but in many examples in finance, we are led to consider variables such as nominal interest rates, in which case S = (0, +∞). Whenever we are estimating parameters, we will take the parameter space for the d-dimensional vector β to be an open and bounded set. We will make use of the scale and speed densities of the process, defined as s(x; β) ≡ exp −2 x µ(y; θ)/σ 2 (y; γ ) dy , (5) m(x; β) ≡ 1/ σ 2 (x; γ )s(x; β) (6) and the scale and speed measures S(x; β) ≡ x s(w; β) dw and M(x; β) ≡ x m(w; β) dw. The lower bound of integration is an arbitrary point in the interior of S. We also define the same increasing transformation as in Aït-Sahalia (2002) :
We assume below conditions that make this transformation well defined. By Itô's lemma, X t ≡ g(X t ; γ ) defined on S = (g(x; γ ), g(x; γ )) satisfies d X t = µ( X t ; β) dt + dW t with µ(x; β) ≡ µ(g inv (x; γ ); θ) σ (g inv (x; γ ); γ ) − 1 2 ∂σ (g inv (x; γ ); γ ) ∂x ,
where g inv denotes the reciprocal transformation. We also define the scale and speed densities of X,s andm, andλ(x; β) ≡ −(μ(x; β) 2 + ∂μ(x; β)/∂x)/2. We make the following primitive assumptions on (µ, σ ):
ASSUMPTION 1. For all values of the parameters (θ, γ ) we have the following:
1. Differentiability: The functions µ(x; θ) and σ (x; γ ) are infinitely differentiable in x. 2. Nondegeneracy of the diffusion: If S = (−∞, +∞), there exists a constant c such that σ (x; γ ) > c > 0 for all x and γ . If S = (0, +∞), lim x→0 + σ 2 (x; γ ) = 0 is possible but then there exist constants ξ 0 > 0, ω > 0, ρ ≥ 0 such that σ 2 (x; γ ) ≥ ωx ρ for all 0 < x ≤ ξ 0 and γ . Whether or not lim x→0 + σ 2 (x; γ ) = 0, σ is nondegenerate in the interior of S, that is for each ξ > 0, there exists a constant c ξ such that σ 2 (x; γ ) ≥ c ξ > 0 for all x ∈ [ξ, +∞) and γ . 3. Boundary behavior: µ, σ 2 and their derivatives have at most polynomial growth in x near the boundaries, lim x→x S(x; β) = −∞ and lim x→x S(x; β) = +∞, 
Under Assumption 1, the stochastic differential equation (1) admits a weak solution which is unique in probability law. This follows from the Engelbert-Schmidt criterion [see, e.g., Theorem 5.5.15 in Karatzas and Shreve (1991) replacing R by S throughout], with explosions ruled out by the boundary behavior of the process. The divergence of the scale measure makes the boundaries unattainable, since it implies that
Given that it is unattainable (i.e., given that x = ∞), the boundaryx is natural when Nx = ∞ and entrance when Nx < ∞, where
and similarly for the boundary x [see, e.g., Section 15.6 in Karlin and Taylor (1981) ]. If both boundaries are entrance, then the integrability assumption on the speed measure m will automatically be satisfied. When one of the boundaries is natural, integrability of m is neither implied nor precluded. Condition (8), however, guarantees that the process X will be stationary: with b denoting the lim sup in (8), we have near the right boundarỹ
where c is a constant, and similarly near the left boundary. Thus,m is integrable, and it follows that m is integrable. Therefore, the process X is stationary with stationary density
provided that the initial value of the process, X 0 , has density π, which we will assume in the rest of the paper. Furthermore, condition (8) guarantees that X has exponentially decaying ρ-mixing coefficients (see Lemma 4). Condition (9) guarantees the regularity of the transition density of the process [see Proposition 2 in Aït-Sahalia (2002) ]; note that the condition does not preventλ from going to −∞, it only excludes +∞ as a possible limit.
We will denote by L 2 the Hilbert space of measurable real-valued functions f on S such that f 2 ≡ E[f (X 0 ) 2 ] < ∞ for all values of β. When f is a function of other variables, in addition to the state variable y 1 , we say that f ∈ L 2 if it satisfies the integrability condition for every given value of the other variables.
To be able to give specific results on the effects of the sampling randomness on the estimation of β, we need to put some structure on the generation of the sampling intervals n = τ n − τ n−1 . We set Y n = X τ n . We assume the following regarding the data generating process for the sampling intervals: ASSUMPTION 2. The sampling intervals n = τ n − τ n−1 are independent and identically distributed. Each n is drawn from a common distribution which is independent of Y n−1 and of the parameter β. Also, E[ 2 0 ] < +∞.
In particular, E[f (Y 1 ) 2 ] = f 2 . An important special case occurs when the sampling happens to take place at a fixed deterministic interval¯ , corresponding to the distribution of n being a Dirac mass at¯ . See Section 5.3 for extensions. Throughout the paper we denote by a generic random variable with the common distribution of the n s.
While we assume that the distribution of the sampling intervals is independent of β, it may well depend upon its own nuisance parameters (such as an unknown arrival rate), but we are not interested in drawing inference about the (nuisance) parameters driving the sampling scheme, only about β. Note also that in the case of random sampling times, the number N T +1 of observations in the interval [0, T ] will be random.
The estimators and their distribution.
We consider a class of estimators for β obtained by minimizing a criterion function. Specifically, to estimate the d-dimensional parameter vector β, we select a vector of r moment conditions h(y 1 , y 0 , δ, β, ε), r ≥ d, which is continuously differentiable in β. We form the sample average
and obtainβ by minimizing the quadratic form
where W T is an r × r positive definite weight matrix assumed to converge in probability to a positive definite limit W β . If the system is exactly identified, r = d, the choice of W T is irrelevant and minimizing (12) amounts to setting m T (β) to 0. The function h is known in different strands of the literature either as a "moment function" [see, e.g., Hansen (1982) ] or an "estimating equation" [see, e.g., Godambe (1960) and Heyde (1997) ].
A natural requirement on the estimating equation-what is needed for consistency ofβ-is that
Throughout the paper we denote by E ,Y 1 ,Y 0 expectations taken with respect to the joint law of ( , Y 1 , Y 0 ) at the true parameter β 0 , and write E ,Y 1 , and so on, for expectations taken from the appropriate marginal laws of ( , Y 1 ), and so on. As will become clear in the Euler example below, some otherwise fairly natural estimating strategies lead to inconsistent estimators. To allow for this, we do not assume that (13) is necessarily satisfied. Rather, we simply assume that the equation , β, ε) ] = 0 admits a unique root in β, which we define asβ =β(β 0 , ε).
With N T /T converging in probability to (E[ ]) −1 , it follows from standard arguments that √ T (β −β) converges in law to N(0, β ), with
where
and S β ≡ +∞ j =−∞ S β,j . If r > d, the weight matrix W T is assumed to be any consistent estimator of S −1 β ; otherwise its choice is irrelevant. A consistent firststep estimator ofβ, needed to compute the optimal weight matrix, can be obtained by minimizing (12) with W T = I d.
Expansion of the asymptotic variance: general results.
3.1. The generalized infinitesimal generator. As we just saw, the asymptotic distributions of the estimators depend upon expectations of matrices of the form , β, ε) ]. Because these expectations are not generally available in closed-form, our approach is based on calculating Taylor expansions in ε of these matrices. The key aspect of our approach is that these Taylor expansions all happen to be fully explicit.
To calculate Taylor expansions in ε of the asymptotic variances when the sampling intervals are random, we introduce the generalized infinitesimal operator β 0 for the process X in (1). This is in analogy to the development in Aït-Sahalia and Mykland (2003) , but permits our current more general form of σ 2 (x; γ ). To define this operator, let us first recall a standard concept. The standard infinitesimal generator A β 0 is the operator which returns
when applied to functions f that are continuously differentiable once in δ, twice in y 1 and such that ∂f/∂y 1 and A β 0 · f are both in L 2 and satisfy
We define D to be the set of functions f which have these properties and are additionally continuously differentiable in β and ε. For instance, functions f that are polynomial in y 1 near the boundaries of S, and their iterates by repeated application of the generator, retain their polynomial growth characteristic near the boundaries; so they are all in L 2 and satisfy (16). Near both boundaries, polynomials and their iterates diverge at most polynomially (under Assumption 1, µ, σ 2 and their derivatives have at most polynomial growth; multiplying and adding functions with polynomial growth yields a function still with polynomial growth). But we will often have exponential divergence of s(y 1 ; β). This would be the case, for instance, if the left boundary is x = −∞, and there exist constants E > 0 and K > 0 such that for all x < −E and (θ, γ ), µ(x; θ)/σ 2 (x; γ ) ≥ K|x| α for some α ≥ 0; and if the right boundary isx = +∞, there exist constants E > 0 and K > 0 such that for all x > E and (θ, γ ), µ(x; θ)/σ 2 (x; γ ) ≤ −Kx α for some α ≥ 0; if instead x = 0 + , there exist constants E > 0 and K ≥ 0 such that for all 0 < x < E and (θ, γ ), µ(x; θ)/σ 2 (x; γ ) ≥ Kx −φ for some φ > 1 and K > 0. If, however, φ = 1 and K ≥ 1, then Assumption 1 is still satisfied, but s diverges only polynomially near 0 + .
Our new operator β 0 is then defined by its action on f ∈ D :
Note that when 0 is random, our operator β 0 is also random since it depends on 0 . The last term allows for the fact that β can be a function of (β 0 , ε). Because we will need to apply repeatedly the operator β 0 , let us define D J as the set of functions f with J + 2 continuous derivatives in δ, 2(J + 2) in y 1 , such that f and its first J iterates by repeated applications of A β 0 all remain in D and additionally have J + 2 continuous derivatives in β and ε.
3.2. Behavior for small ε of the estimating equations. The limiting behavior of the vector h of moment functions depends crucially on whether one is estimating separately θ , γ or both together. If one is only estimating the drift parameters θ , it will typically be the case that h(y 1 , y 0 , δ, β, ε) can be Taylor expanded around its continuous-sampling limit h(y 0 , y 0 , 0, β, 0). On the other hand, when estimating γ , we will see that such a Taylor expansion is not possible, and h(y 1 , y 0 , δ, β, ε) is instead of order O p (1) as ε → 0 (and naturally y 1 → y 0 and δ → 0 at the same time). We shall in the following describe a structure which is consistent with all the various estimators of β we consider, and is applicable to others as well.
We assume the following regularity condition regarding the moment functions h selected to conduct inference: ASSUMPTION 3. h(y 1 , y 0 , δ, β, ε) ∈ D J for some J ≥ 3. We shall in general consider moment functions h of the form
whereh ∈ D J and H ∈ D J +1 . When the function H is not identically zero, we add the requirements that H (y 0 , y 0 , 0, β 0 , 0) = ∂H (y 1 , y 0 , 0, β 0 , 0) ∂y 1 =Ḣ (y 0 , y 0 , 0, β 0 , 0) = 0.
In our definition of h, the term H captures the singularity (i.e., powers of 1/δ) which can occur when estimating the diffusion coefficient. Consider, for example, the case where h is the likelihood score for γ . The log-likelihood expansion in Aït-Sahalia (2002) is, for the transformed process X,
By the Jacobian formula, the log-likelihood expansion for the original process X is, therefore,
The score with respect to γ is
H must contain the coefficient of δ −1 in h, that is,
But we are free to add the terms of order δ and higher to H, provided we subtract them fromh so as to leave h unchanged. For instance, a convenient choice is
and
, where a and b denote, respectively, the two integrals and c the coefficient of δ in (21); c = 0 in (20). At y 1 = y 0 and δ = 0, we have a = b = 0, thus, H = 0; and H = a b + ab − δc = 0; andḢ =ȧb + aḃ − δċ = 0. Note also that
where prime denotes differentiation with respect to y 1 . At y 1 = y 0 and δ = 0, we have a = b = 0, thus,
And this H does not depend on ε, so ∂H/∂ε = 0, and the likelihood score is a martingale estimating function, hence unbiased, and so ∂β/∂ε = 0. Thus, by adding the additional term to H in (21) relative to (20), we also have that β 0 · H = 0 at 0, which makes such an H closer to being all by itself a martingale in a sense we make precise in Section 3.4. It makes no difference for the exact likelihood since h is always a martingale, even ifh and H are not separately, but this is convenient when analyzing likelihood approximations such as the Euler case in Section 4.2.
3.3. The D β and S β,0 matrices. In order to obtain expansions of the form (3) for β , we work on its components D β , S β,0 and T β = S β − S β,0 . The first result uses our generalized infinitesimal generator to provide the expansions of the matrices D β and S β,0 :
LEMMA 1 (Expansions for D β and S β,0 ). Let h = (h 1 , . . . , h r ) denote a vector of moment functions h =h + −1 H satisfying Assumption 3 andh ∈ D 3 , H ∈ D 4 . Also assume (27) and the other conditions on q i in Lemma 2.
1. In the case where H is identically zero, we have
2. In the case where H is not zero, (22) and (23) should be evaluated ath rather than h, yielding Dh β and Sh β,0 , respectively. Then
3.4. How far is h from a martingale? Next, we turn to an analysis of the more challenging time series matrix T β = S β − S β,0 . The simplest case arises when the moment function is a martingale,
In this circumstance, S β,j = 0 for all j = 0, and so T β = 0.
Even in the serially correlated case, however, we will show that the sum of these time series terms can, nonetheless, be small when ε is small. Intuitively, the closer h will be to a martingale, the smaller
To define what we mean by the distance from a moment function to a martingale, denote by h i the ith element of the vector of moment functions h, and define q i and α i by
where α i is an integer greater than or equal to zero for each moment function h i . α i is an index of the order at which the moment component h i deviates from a martingale (note that in a vector h not all components h i need to have the same index α i ). A martingale moment function corresponds to the limiting case where α i = +∞, q i (Y 0 , β 0 , ε) is identically zero, and S β = S β,0 . When the moment functions are not martingales, we will show that the difference T β ≡ S β − S β,0 is a matrix whose element (i, j ) has a leading term of order O(ε min(α i ,α j ) ) in ε that depends on q i and q j . As will become apparent in the following sections, (27) holds in all the estimation methods we consider.
We will also need the function r i (y, β 0 , ε) defined as
is the conditional expectation operator. Recall that τ i are the sampling times for X, and that N t = #{τ i ∈ (0, t]} (so τ 0 = 0 is not counted). We can assert the following about r i :
Alternatively,ȓ i can be defined as the solution of the differential equation
with the side condition that
By convention, here and in the proofs O p (f (ε)) and o p (f (ε)) refer to terms whose L 2 norms are, respectively, O(f (ε)) and o(f (ε)).
Finally, an alternative form ofȓ i is given in the proof of Lemma 2; see (64). While the index α i and the function q i play a crucial role in determining the order in ε of the matrix T β , the function r i will play an important role in the determination of its coefficients.
3.5. The T β matrix. Putting all this together, we can calculate T β when h is not a martingale estimating equation. The expansion of the matrix T β is obtained by applying the operator β 0 as follows:
LEMMA 3 (Expansions for T β ). Under the assumptions of Lemma 1, assume also (27) and the other conditions on q i in Lemma 2. Then we have the following:
given by
2. If H is nonzero, then (32) should be evaluated ath rather than h, yielding Th β .
And
Note that for most applications of Lemmas 1-3, the assumption of (27) and the other conditions on q i in Lemma 2 follow from the other assumptions of Lemma 3, as follows. Normally, one can take α i to be ≤ 2, since the error term in (32) need not be smaller than that of (23), and the error term in (33) need not be smaller than that of (25). The conditions mentioned from Lemma 2 follow ifh i ∈ D 3 and
3.6. Form of the asymptotic variance matrix β . By combining our previous results concerning D β , S β,0 and T β , we can now obtain an expression for the matrix β . Specifically, we have the following as an example of a typical situation: THEOREM 1 (Form of the matrix β ). Under the conditions of the preceding lemmas we have the following:
1. When we are only estimating θ , with γ 0 known, using a vector h such that H = 0, and D β and S β have the expansions
then the asymptotic variance of the estimator has the expansion θ
2. When we are only estimating γ , with θ 0 known, and D β and S β have the expansions
then the asymptotic variance of the estimator has the expansion γ = (1) γ ε +
(2)
3. When we are estimating θ and γ jointly, and the D β and S β matrices have the expansions
, then the asymptotic variance of the estimatorβ is
In particular, the diagonal leading terms ω (0) θθ and ω (1) γ γ corresponding to efficient estimation with a continuous record of observation are identical to their single-parameter counterparts.
An important fact to note from the above expressions is that to first order in ε, the asymptotic variances ofθ andγ are unaffected by whether one estimates just one of them (and the other one is known) or one estimates both of them jointly. This is not necessarily the case for the higher-order terms in the asymptotic variances, since those depend upon the higher-order terms in the D β and S β matrices which are not necessarily identical to those of their single-parameter counterparts.
Also, the leading term in θ corresponding to efficient estimation with a continuous record of observations is
provided µ is continuously differentiable with respect to θ . And the leading term in γ corresponding to efficient estimation of γ is
provided σ is continuously differentiable with respect to γ . In the special case where σ 2 = γ constant, then this becomes (1)
. These leading terms are achieved, in particular, when h is the likelihood score for θ and γ , respectively, but also by other estimating functions that are able to mimic the behavior of the likelihood score at the leading order.
3.7. Inconsistency. For the estimator to be consistent, it must be thatβ ≡ β 0 but, again, this will not be the case for every estimation method. However, in all the cases we consider, and one may argue for any reasonable estimation method, the bias will disappear in the limit where ε → 0, that is,β(β 0 , 0) = β 0 (so that there is no bias in the limiting case of continuous sampling) and the following expansion
holds for some Q ≥ 1. The coefficients b (q) = (1/q!) ∂ qβ (β 0 , 0)/∂ε q can be determined as follows. By the definition ofβ,
Consider the case where H = 0. Recognizing thatβ is a function of ε, as given in (34), we can compute the Taylor series expansion
whose unconditional expectation, in light of (35), must be zero at each order in ε. So to determine b (1) , set to zero the coefficient of ε in the series expansion
Then given b (1) , setting the coefficient of ε 2 in that series expansion to zero determines b (2) , and so on. If E Y 0 [ḣ(Y 0 , Y 0 , 0, β 0 , 0)] = 0, then one needs to look at the next order term in the expansion to determine b (1) , and so on. This is, for instance, what happens in the Euler scheme when estimating θ ; see Section 4.2.
If H = 0, then (36) incorporates bothh and H, and one proceeds analogously to determine b (1) and the following coefficients by setting the coefficients of the expansion of (35) to 0. For an example of this, see the estimation of σ 2 using the Euler scheme.
4. Application to specific inference strategies. We now apply the general results to specific instances of moment functions h, corresponding both to likelihood and nonlikelihood inference strategies, for the model where σ 2 = γ constant. 4.1. Maximum-likelihood type estimators. The development of Aït-Sahalia and Mykland (2003) deals with likelihood type inference, and we recapitulate here the inference schemes in that work, and how they relate to the present paper. We applied the general results of the present paper to maximum likelihood estimation, using three different inference strategies:
1. FIML: Full information maximum likelihood, using the bivariate observations (Y n , n ). 2. IOML: Partial information maximum likelihood estimator using only the state observations Y n , with the sampling intervals integrated out. 3. PFML: Pseudo maximum likelihood estimator pretending that the sampling intervals are fixed at n =¯ .
All three estimators rely on maximizing a version of the likelihood function of the observations, that is, some functional of the transition density p of the X process: p(Y n |Y n−1 , n , θ) for FIML;p(Y n |Y n−1 , θ) = E n [p(Y n |Y n−1 , n , θ] for IOML; and p(Y n |Y n−1 ,¯ , θ) for PFML (which is like FIML except that¯ is used in place of the actual n ). The extent to which these estimators differ from one another gave rise to different "costs." FIML is asymptotically efficient, making the best possible use of the joint discretely sampled data (Y n , n ). The extent to which FIML with these data is less efficient than the corresponding FIML when the full sample path is observable is what we called the cost of discreteness. IOML is the asymptotically optimal choice if one recognizes that the sampling intervals n are random but does not observe them. The extra efficiency loss relative to FIML is what we called the cost of randomness. PFML corresponds to the "head-inthe-sand" policy consisting of doing as if the sampling intervals were all identical (pretending that n =¯ ) when, in fact, they are random. The extent by which PFML underperforms FIML is what we called the cost of ignoring the randomness. We then studied the relative magnitude of these costs in various situations.
The respective scores from these likelihoods are special cases of the estimating functions h of the present paper. But the results of the present paper apply to a much wider class of estimating functions than the three likelihood examples, such as the following.
4.2.
Estimator based on the discrete Euler scheme. We now apply our general results to study the properties of estimators of the drift and diffusion coefficients obtained by replacing the true likelihood function l(y 1 |y 0 , δ, β) with its discrete Euler approximation
This estimator is commonly used in empirical work in finance, where researchers often write a theoretical model set in continuous-time but then switch gear in their empirical work, in effect estimating the parametersβ = (θ,σ 2 ) of the discrete time series model
where the disturbance η is N(0, 1) . The properties of this estimator have been studied in the case where is not random by Florens-Zmirou (1989) . Our results apply to this particular situation as a special case.
In the terminology of Section 3, our vector of moment functions is
when both parameters in β = (θ, σ 2 ) are unknown, and reduces to one component when only one parameter is unknown. For this choice of h, (13) is not satisfied and, thus, the estimator is inconsistent. Note also that the solution in θ of
= 0 is independent of σ 2 and, hence, whether or not we are estimating σ 2 does not affect the estimator of the drift parameter. Of course, this will not be the case in general for the true maximum likelihood estimator.
As we discussed in the general case, the asymptotic bias of the estimator,β −β 0 , will be of order O(ε) or smaller. In this particular case, if σ 2 is known, the bias in θ is of order O(ε). As in the general setting of Section 3, √ T (β −β) converges in law to N(0, β ) and an application of Lemmas 1 and 3 yields the following.
1. When we are only estimating θ , with σ 2 0 known, using only the first equation in (40), we have α 1 = 2 and q 1 (y, β 0 , 0)
in (27). The bias of the drift estimator is
and its asymptotic variance is θ =
the limiting term corresponding to a continuous record of observations) and
(1)
2. When we are only estimating σ 2 , with θ 0 known, using only the second equation in (40), we have α 2 = 1 and
in (27). The bias of the diffusion estimator is
and its asymptotic variance is σ 2 =
(the same first-order term as MLE) and
3. When we are estimating θ and σ 2 jointly, using both equations in (40), the two components of the bias vectorβ − β 0 are given by (42) and (44), respectively, (to their respective orders only). We also have that α 1 = 2, α 2 = 1 and q = (q 1 , q 2 ) with q 1 and q 2 given by (41) and (43), respectively. The asymptotic variance ofβ is
where ω
Therefore, as is to be expected when using a first-order approximation to the stochastic differential equation, the asymptotic variance is, to first order in ε, the same as for MLE inference. The impact of using the approximation is to second order in variances (and, of course, is responsible for bias in the estimator). When estimating one of the two parameters with the other known, the impact of the discretization approximation on the variance (which MLE avoids) is one order of magnitude higher than the effect of the discreteness of the data (which MLE is also subject to).
4.3.
Example: the Ornstein-Uhlenbeck process. We now specialize the expressions above to a specific example, the stationary (θ > 0) Ornstein-Uhlenbeck process
The transition density p(y 1 |y 0 , δ, β) of this process is a Gaussian density with expected value e −δθ y 0 and variance (1 − e −2δθ )σ 2 /(2θ). The stationary density π(y 0 , β) is also Gaussian with mean 0 and variance σ 2 /(2θ).
Because its transition density is known explicitly, this model constitutes one of the rare instances where, in addition to our Taylor expansions which can be calculated for any model, we can obtain exact (i.e., non-Taylor expanded) expressions for the matrices S β,0 , D β and T β . Specifically, for methods relying on nonmartingale moment functions h, the exact calculation of the time series term T β is based on
This last expression requires the calculation of E[Y 2 k |Y 1 ]. To this end, consider first the law of Y k given Y 1 and 2 , . . . , k . In this case, Y k is conditionally Gaussian with mean Y 1 exp{−θ( 2 + · · · + k )} and variance ((k − 1) − exp{−2θ( 2 + · · · + k )})σ 2 /(2θ). Hence, we obtain that
In Table 1 , we report results for the Ornstein-Uhlenbeck parameters estimated one at a time (i.e., θ knowing σ 2 and σ 2 knowing θ). The quantities for the MLE are based on the developments in Aït- Sahalia and Mykland (2003) ; for the discrete Euler scheme, they follow from the results above.
TABLE 1
Asymptotic variance and bias for the Ornstein-Uhlenbeck process estimated using maximum likelihood and the Euler scheme. These expressions follow from specializing the general results to the Ornstein-Uhlenbeck process. When estimating θ with known σ 2 using the Euler scheme, T θ = 0 for the Ornstein-Uhlenbeck process because h(Y 0 , Y 1 , ,β, ε) turns out to be a martingale. Note that it is perfectly acceptable for the variance ofθ to be below that of the MLE estimator. This can easily occur for an inconsistent estimator. Note that since θ 0 = log(1 − δθ)/δ, one can create a consistent estimator out of the Euler estimatorθ by using log(1 − δθ)/δ. The latter is inefficient relative to the MLE estimator, as expected. When estimating σ 2 with known θ , the first-order expansion for the MLE's σ 2 is exact. This is because the Ornstein-Uhlenbeck process has a constant diffusion parameter and a Gaussian likelihood. But for θ , the MLE's θ involves an expansion because the exact log-likelihood of the process is a function of exp(−θδ), which in our method is then Taylor-expanded in δ
4.4. The effect of the distribution of the sampling intervals. One of the implications of our results concerns the impact of the distribution of the sampling interval on the quality of inference. It is, obviously, better to have as many sampling times as possible, but, to move beyond this, fix E[ 0 ]. To the extent that our expansions depend on other features of the law of 0 , they do so through the moments E[ q 0 ], q ≥ 2, as can be seen from the expressions above. One can then compare whether it seems preferable to minimize these higherorder moments, and thus have sampling at regular intervals, or whether a certain amount of randomness in 0 is preferable. In the case of the MLE for the Ornstein-Uhlenbeck process, it can be seen from Table 1 that the randomness of the sampling scheme makes no difference for σ 2 . On the other hand, for the Euler estimation of θ for the same process, randomness (i.e., higher E[ 2 0 ]) adversely affects the bias but reduces the asymptotic variance. At the first order in ε, randomness has no effect on the estimation of σ 2 ; at the second order, more randomness reduces the asymptotic variance and the bias (since the first-order bias term is negative, a higher positive second-order bias works to reduce the bias).
Outside of the Ornstein-Uhlenbeck situation, it should be noted that even in the case of the MLE, it can occur that a somewhat random sampling can be preferable to sampling at a fixed interval. This occurs, for example, if one estimates σ 2 in the presence of a known drift function µ(x) = −x(1 − exp(−x 4 )) (and, hence, known θ ). For that drift function, one then obtains that E[(∂ 3 µ/∂y 3 )(Y 0 )] > 0 and so sgn (3) σ 2 = −sgn E[ 0 ] since when we are only estimating σ 2 , with θ 0 known, the asymptotic variance of MLE is σ 2 = (1)
[see Aït-Sahalia and Mykland (2003) for an analysis of the MLE special case]. Since (1) σ 2 only depends on the first moment of 0 , there is, therefore, a beneficial first-order effect of random sampling on σ 2 . For other drifts, such as, for instance, µ(x) = −x 3 , we have E[(∂ 3 µ/∂y 3 )(Y 0 )] < 0 and, therefore, the opposite is true.
There is, therefore, no overall rule that covers all cases. In general, the impact of the sampling depends on the coefficients associated with the moments of 0 , and the expansions derived in this paper can be used to gain insight into this impact.
Extensions of the theory.
5.1. Extensions to more general estimating equations. In terms of admissible h functions, our theory can be extended from Taylor series to Laurent series (which have both positive and negative powers in ε). That is, the structure can be easily generalized to a situation where h is of the form h(y 1 , y 0 , δ, β, ε) =h(y 1 , y 0 , δ, β, ε) + M m=1 H m (y 1 , y 0 , δ, β, ε) δ m , whereh and {H m ; m = 1, . . . , M} satisfy Assumption 3 with ∂ k H m (y 0 , y 0 , 0, β 0 , 0)/∂y k 1 = 0 for k = 1, . . . , m. Since this situation does not appear in practical estimation methods other than for M = 1, we have stated the result for that case, that is, (18), to avoid needlessly complicating the notation.
A different extension is the following. Instead of being of the form (18), the vector of moment functions h is of the form
where bothh and K can be Taylor expanded as specified by (55) and
Then a simple modification of Lemmas 1 and 3 holds: evaluate (22) and (23) ath instead of h, and replace (24), (25) and (33), respectively, by the following contributions from K:
yielding D β = Dh β + D K β , S β,0 = Sh β,0 + S K β,0 and T β = Th β + T K β .
Note that since ε is deterministic, using h or εh as the vector of moment functions produces the same estimator. Indeed, when h is of the form (47), the two matrices β produced by applying Lemmas 1 and 3 with (h, H ) = (εh + K, 0) or the first part of this remark with (h, K) are identical.
5.2.
Extensions to more general Markov processes. One can extend the theory to cover more general continuous-time Markov processes, such as jump-diffusions. In that case, the standard infinitesimal generator of the process applied to a smooth f takes the form
where A β 0 , defined in (15), is the contribution coming from the diffusive part of the stochastic differential equation and ν(dz, y 0 ) is the Lévy jump measure specifying the number of jumps of size in (z, z + dz) per unit of time [see, e.g., Protter (1992) ]. In that case, our generalized infinitesimal generator becomes
that is, the same expression as (17) except that A β 0 is replaced by J β 0 .
5.3.
Extensions to more general sampling processes. Another extension concerns the generation of the sampling intervals. For example, if the i s are random and i.i.d., then E[ ] has the usual meaning, but even if this is not the case, by E[ ] we mean the limit (in probability, or just the limit if the i s are nonrandom) of n i=1 i /n as n tends to infinity. This permits the inclusion of the random non-i.i.d. and the nonrandom (but possibly irregularly spaced) cases for the i s. At the cost of further complications, the theory can be extended to allow for dependence in the sampling intervals, whereby n is drawn conditionally on (Y n−1 , n−1 ).
Proofs.
6.1. Mixing.
LEMMA 4. Under Assumptions 1 and 2, the ρ-mixing coefficients of the discretely sampled process decay exponentially fast.
6.2. Proof of Lemma 4. We start by showing that the sequence of ρ-mixing coefficients {ρ δ ; δ > 0} of the process
decays exponentially fast as δ increases. Under Assumption 1, specifically condition (8), the operator U δ , as defined just after equation (28), is a strong contraction and there exists κ > 0 such that U δ · ψ ≤ exp(−κδ) ψ [see Propositions 8 and 9 in Hansen and Scheinkman (1995) ]. Thus, by the Cauchy-Schwarz inequality,
The mixing property of the underlying continuous time process {X t ; t ≥ 0} translates into the following mixing property for the discretely (and possibly randomly) sampled state process {Y n ; n = 0, . . . , N T }. For functions φ and ψ in L 2 , we have
with the last equality following from the independence of the n s. Since 0 < E [exp(−κ ] < 1, the Y n s satisfy a mixing property sufficient to insure the validity of the central limit theorem for sums of functions of the data {( n , Y n ); n = 0, . . . , N T }.
Proof of Lemma 1. To calculate Taylor expansions of functions
All the expectations are taken with respect to the law of the process at the true value β 0 . This is in analogy to Theorem 1 in Aït-Sahalia and Mykland [(2003) , page 498].
1. Starting with D β , assume first that H = 0, and write a Taylor expansion of E Y 1 [ḣ|Y 0 , ] in , using (54):
with the partial derivatives on the right-hand side evaluated at (y 0 , y 0 , 0, β 0 , 0). This follows from the fact that h can be Taylor expanded in ε around 0,
with all the partial derivatives of h on the right-hand side evaluated at (y 0 , y 0 , 0, β 0 , 0). At the next order, we can write this more compactly as
The unconditional expectation (22) follows from (56) by taking expectations with respect to Y 0 and using the law of iterated expectations. ,β, ε) ], assume first that H = 0. The result (23) follows from applying the generalized infinitesimal generator to h × h :
2. Suppose now that H is not zero. Let h i =h i + −1 H i forh i ∈ D J and H i ∈ D J +1 . Applying (54) toh i and H i separately, then combining their expansions to get the expansion for h i , we obtain that
because under Assumption 3 we have H i = 0 when evaluated at (y 0 , y 0 , 0, β 0 , 0). So the expansion (54) for H i starts at order ε 1 (or higher); without that, a singularity of order ε −1 would result from the premultiplication by ε −1 .
The additional contribution to D β is given by (24) following a similar construction, where we use again equation (54). From
To evaluate it, we start with
Next, note that under (19) . Indeed, we have
where in the equation above H and its derivatives, listed without argument, are understood to be evaluated at (Y 0 , Y 0 , 0, β 0 , 0).
Since H (Y 0 , Y 0 , 0, β 0 , 0) = 0 and g H = ∂H (Y 0 , Y 0 , 0, β 0 , 0)/∂y 1 = 0 under (19), it follows that 6.4. Proof of Lemma 2. Note first that r i (y, β 0 , ε) andȓ i (y, β 0 , ε) are well defined as a consequence of the L 2 boundedness of A β 0 · q i , and the exponential mixing from that follows from Lemma 4. We here take the first expression in (30) to be the definition ofȓ. To see the equality with the second expression, note that A β 0 · (tq i ) = q i + tA β 0 · q i . The second expression forȓ follows. As before, Y has the stationary distribution of X 0 .
Let N 0 (u) be the number of τ
, and note that, by Wald's identity,
and similarly without the superscript 0. In particular, Z(t) = εZ (0) (t/ε). Since the integrals are well defined, it follows that
In the sequel, we assume that ε → 0 through a countable sequence. The L 2 limit will be independent of the choice of sequence, and so it will be valid as ε goes to zero generally. We also need the mixing coefficient λ from Lemma 4 (there written as κ) and an exponent λ 1 > 0 which can take on different values.
We first need to establish some facts about Z (0) (t), and here we make use of Feller (1971) , to which all references in the next two paragraphs are made. First note that Z (0) is the solution of the renewal equation
This follows from the proof of Theorem XI-3.1 (pages 366 and 367). Since we have assumed that E[ 2 0 ] < ∞, the same proof assures that lim sup t Z (0) (t) < ∞ in the nonarithmetic case for 0 , and the same follows in the arithmetic case from the development on pages 362 and 363. (The distinction between the arithmetic and nonarithmetic cases is described on page 138.) Since z (0) is bounded, the Lemma on page 359 assures that Z (0) is bounded on finite intervals, whence
where the latter inequality is by construction.
Also, the same Theorem XI-3.1 in Feller (1971) 
as t → ∞ in the nonarithmetic case. In this case, therefore, for all λ 1 > 0, in the sense of weak convergence of measures on [0, ∞),
by (60). In the arithmetic case, Z (0) (t) does not converge, but (61) follows from the results on pages 362 and 363. This is what we needed from Feller (1971) , and we now proceed to make use of (60) and (61).
We then establish the convergence in probability of (59). As in the proof of Lemma 4,
By the L 2 continuity of A β 0 · q i (Y, β 0 , ε), and by (60), we can replace U t A β 0 · q i (Y, β 0 , ε) by U t A β 0 · q i (Y, β 0 , 0) for the purpose of this convergence. Since U t A β 0 · q i (Y, β 0 , 0) can be taken to be continuous in t on [0, ∞] (since the limit is zero as t → ∞), and in view of (61) (with λ 1 < λ), the limit of (59) must be as in (29), but for the moment we have only shown convergence in probability.
The final result (29) and (30) then follows if we can show that the square of the left-hand side of (59) is uniformly integrable as ε → 0. This is the case since
In the same way as in the discussion above, the limit of the integral coincides with the integral of the limit. Hence, uniform integrability follows.
To see howȓ solves the differential equation, with the given side condition, proceed as follows. By the second expression in (30), and since A β 0 and U t commute,
Ifȓ i is chosen to satisfy
under the stationary distribution, asymptotic ergodicity will forceȓ i to have the second form from (30).
Exploiting the form of the scale function s defined in (5) 
To solve this, we have
Subject to regularity conditions on the function σ 2 , the constant of integration must be C 1 = 0, otherwiseȓ i would not be integrable under π . It follows that
where the second constant of integration C 2 is determined so that (62) holds. We only need the functionȓ for the purpose of calculating expressions of the form
Then the value of C 2 is irrelevant for the calculation of those unconditional expectations.
As ε → 0, we have r i (y, β 0 , 0) =ȓ i (y, β 0 , 0) and it follows from (63) that ∂ ∂y
since that equation does not involve differentiation with respect to ε. Indeed, in light of (29), we define ∂r i /∂ε as follows:
q i (y, β 0 , 0).
We also define
for k = 1, 2, and with these definitions of the partial derivatives of r i evaluated at (Y 0 , β 0 , 0) we see that r i is Taylor-expandable in the form
If σ 2 = γ constant, dividing (65) by σ 2 0 yields an equivalent form in terms of the stationary density π : ∂ ∂y ∂r i (y, β 0 , 0) ∂y π(y; β 0 ) = − 2 σ 2 0 q i (y, β 0 , 0)π(y; β 0 ).
6.5. Proof of Lemma 3. 1. When the moment condition is not a martingale, the matrix S β includes time series terms T β = S β − S β,0 which must be calculated. We start by showing the derivation in the case of scalar h; the generalization to the vector case is straightforward and is given at the end of this part of the proof. Recall equation (27), now for a scalar,
in ε, and where the α is an integer greater than zero, typically α = 1 or 2. The covariance terms then become
where j denotes the standard filtration up to time j . The final transition in (66) requires showing that
To see this, note that q(X 0 , β 0 , ε) and (A β 0 · q)(X 0 , β 0 , ε) are integrable under the stationary distribution, for ε ∈ [0, ε 0 ]. Then, for t ≥ u,
The validity of Fubini's theorem and the integrability of all quantities considered follow from our assumptions since also τ n−1 is independent of the X process, and the latter is stationary. These facts are also used in the following.
By Itô's lemma, and since t τ n−1 ∧u ∂ ∂y q(X s , ε)σ (X s ; γ 0 ) dW s is a local martingale in t, we therefore get
This is by first letting t → +∞ and then u → +∞. We here use that E[q(X t , ε)] goes to zero as t gets large.
To go from (68) 
As n → +∞, we have n k=1 P (s ≥ τ k−1 ) → E[N s ] + 1. Note that E[N s ] < +∞ by the Lemma on page II-359 in Feller (1971) . Also, since E[ ] < +∞, E[τ N s +1 ] = E[ ](E[N s ] + 1). It follows that one can let n go to infinity in (69) and still have a finite limit. The result (67) follows.
We now proceed with the analysis of T β . Assume first that H = 0. We return to the general case below. From (66),
with the understanding here and below that the functions listed without arguments are all evaluated at Y 1 = Y 0 , = 0,β = β 0 [sinceβ(β 0 , 0) = β 0 ] and ε = 0. Note that this requires that the function r be Taylor-expandable in ε as given in (66).
For multidimensional h = (h 1 , . . . , h r ) , still assuming H = 0, the (i, j ) term of the T β = S β − S β,0 matrix is
By applying the univariate calculation above to the two terms involving h i and h j , it follows that [T β ] (i,j ) is given by
2. We now investigate the contribution of a nonzero H to T β . Equation (27) now follows from
if we let α i denote an index j at which the sum in the right-hand side of (72) is nonzero. As above, consider first the case of scalar H and recall that h = h + −1 H. We now have to look at
where the term E ,Y 1 ,Y 0 [h(Y 1 , Y 0 , ,β, ε)r(Y 1 , β 0 , ε)] is the one we dealt with in part 1 of this proof. The additional contribution to T β is, therefore, represented by the term
By (54), the conditional expectation of H × r can be Taylor-expanded as
Recall that under (19), H (Y 0 , Y 0 , 0, β 0 , 0) = 0 so the term of order ε 0 in (74) is 0. For the term of order ε 1 , we have as in (70),
with the last equation following from the fact that H (Y 0 , Y 0 , 0, β 0 , 0) = ∂H ∂y 1 (Y 0 , Y 0 , 0, β 0 , 0) = 0 under (19). Next,
cover the situation where the sampling is done at deterministic time-varying dates and the situation where the sampling occurs at fixed intervals. Most estimation methods can be analyzed within our framework-essentially any method that can be reduced to a method of moments or estimating equation problem. The two specific examples we analyzed display the various behaviors covered by our theorems, and we showed how our results can be used to assess the impact of different sampling patterns on the properties of these estimators.
